Abstract. In this study, we obtain a new proofs of some Hardy-type inequalities associated with generalized translation.
Introduction
In [1] , Hardy proved the following inequality. If p > 1, where the constant q = p (p − 1) −1 is the best possible. This inequality plays an important role in analysis and its applications. It is obvious that, for parameters a and b such that 0 < a < b < ∞, the following inequality is also valid and u is a non-negative measurable function on (a, b), then (1.2) is true unless u = 0 a.e. in (a, b) [5, 6] . This inequality remains true provided that 0 < a < b < ∞.
In particular, Hardy [2] in 1928 gave a generalized form of inequality (1.1) when he showed that for any r = 1, p > 1 and any integrable function u(x) ≥ 0 on (0, ∞) for which
unless u = 0, where the constant is also best possible.
The aim of the paper is to establish some Hardy-type inequalities similarly (1.3) associated with Shift operator. These inequalities generalize some known results and simplify the proofs of some existing results. Troughout this paper, functions are assumed to be measurable, locally integrable and the left-hand sides of the inequalities if the right-hand sides exist.
We give some notations and definitions:
is defined with respect to the Lebesgue measure x 2v dx the following
where 1 ≤ p < ∞ and v > 0. Denote by T y the generalized shift operator acting according to the law
[4] and [7] . We remark that this shift operator is closely connected with the Bessel differential operator [3] .
In this paper, we consider the following equality for y = 1 we have
Main Results
Theorem 2.1. Let p > 1,
Proof. Integrating the left-hand side of inequality (2.1) by parts gives
Using the fact that r > 2v + 1 and
Here, using the assumptation on λ, we have
By Hölder's inequality
From this, it follows that
This proves the theorem.
Theorem 2.2. Let
almost everywhere for some λ > 0. If
Proof. Integrating the left-hand side of inequality (2.2) by parts we obtain
Using the fact that r > 2v + 1 and F (b) ≥ 0 we have
By Hölder's inequality we have
From this, it follows that
The proof is completed. Theorem 2.3. Let p > 1,
Proof. Integrating the left-hand side of inequality (2.3) by parts, we have
Using the fact that r > 2υ + 1, F (b) ≥ 0 and assumption on λ, we have
This proves the theorem. 
Proof. Integrating the left-hand side of inequality (2.4) by parts, we have 
